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Generally in the elementary analyti- 
cal treatment of binary fractionation 
under conditions of constant relative 
volatility and constant molar overflow 
two equations have been employed 
separately for calculating the number 
of plates in the fractionating and strip- 
ping sections in the form of the well- 
known Smoker ( 2 )  relations. Since all 
the variables needed for representing 
column behavior can be compressed 
into one formula, the use of two equa- 
tions may be somewhat misleading. 

In the procedure used in this paper 
formulas for the liquid concentrations 
M, and xn, are obtained from solutions 
of the difference equations represent- 
ing column behavior in th0 stripping 
and enriching sections. The values of 
x, and x,,, are equated at the feed 
plate, thereby producing a single equa- 
tion utilizing the following column 
parameters: 

Feed characterization : 

Top and bottom products: 

Column variables: 

q,  F, xfl 

X D ,  XW, D, 

M, N ,  R 
Two of the ten quantities can be elim- 
inated by using the following overall 
material balances: 

F = D + W  (1) 

the result obtained from Smoker's 
equation. 

The difference equations represent- 
ing material balances in the case of 
fractionation of a binary mixture can 
be written as follows: 

X" + - x D  (6) 
R 

Y,+l = - 
R - t l  R + 1  

RD 
y", = Xin+l R D i - q F - W  

(7) 
wxw 

RD + qF- W 
- 

Assuming that equilibrium exists on 
each plate and that the relative vola- 
tility is constant, one can relate x and 
Y bY 

Eliminating y in (6) and (7) and 
transforming the resulting formulas 
into Ricatti difference Equations (1, 3)  
one gets the following solutions: 

1 
- 

x,-- 1 ( A - B  + S )  
- 

2 

1 

[ x D - i ( A - B + S )  

wxw 
RD f qF 

1 B = -  
a - 1  

+ 

4 x D  
R ( a  - 1) 

S =  d ( A - B ) ' -  

Equations (9) and (10) can be com- 
bined to give a single functional re- 
lationship between the tower variables. 
The concentration on the feed plate is 
given both by xN and xar (and not by 
x ~ ) .  Placing n = N and m = M in 
(9) and ( l o ) ,  solving for xN and xY, 

and equating the results one obtains 

1 
.& + 2 ( A -  B + S) = 

Any analytical equations representing 1 1 2  

the variables. For example if D and W 
column behavior must contain eight of 

are eliminated, the functional relation- 
ship could be represented by 1 1 

f ( q ,  F, X F ,  XD, Xw, M ,  N ,  R )  = 0 
( 3 )  

If the feed parameters, reflux, and 
product compositions are fixed, Equa- 
tion (3)  would reduce to 

f ( M ,  N )  = 0 (4) 

Thus the ordinary design problem re- 
duces to an equation giving M as a 
function of N .  Although an infinite 
number of solutions are possible, the 
solution for which ( M  + N )  is a 
minimum corresponds approximately to 

J. 

1 
B - A' - S' S' 

(11) 

This equation can be manipulated into 
(9) form 

s (C-?s)  1 
1 

/ - - 
1 

xm-- (B-A'+ S') 
2 
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C’+-S’ K’- C ’ + -  ( f ) ( N 
1 
2 

where 

+- (A+A’-22B+ S-S’) = O  

(12) 

A - - B + S  

B - - A ’ s S ’  

l =  A - B - S  

K =  
B - A ’ - S ’  

Equation (12) represents the desired 
formulation of a single equation repre- 
senting two component tower be- 
havior. 

In general formulas like Equation 
(12) are desired for every type of 
stage-by-stage operating involving re- 
flux, whether it be in multicomponent 
distillation, solvent extraction, or com- 
bined absorption and stripping opera- 
tions. While the number of cases in 
which an explicit equation like (12) 
can be obtained are limited, the gen- 
eral philosophy of aiming at such a 
goal is important. 

NOTATION 

A, A’, B, C, J, K ,  S, S’ = constants de- 
fined in paper 

D, F ,  W = distillate, feed, bottoms, 
moledhr. 

ni = plate number measuring up 
from bottom of tower 

M = total number of theoretical 
plates in stripping section 

n = plate number measuring down 
from condenser 

N = total number of theoretical 
plates in fractionation section 

4 = ratio of total heat needed to 
convert 1 mole of feed into 
saturated vapor to molal latent 
heat of feed 

R = reflux ratio 
x, y = liquid and vapor concentra- 

Subscripts 
D, F ,  W = distillate, feed, and bottom 
m, n = composition on mth and nth 

LY = relative volatility 

tions, mole fraction 

plates 
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